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Abstract 

Decoherence of a quantum system (which then starts to display 
classical features) results from the interaction of the system with the 
environment, and is well described in the framework of the theory of 
continuous quantum measurements (CQM). Reviewed are the vari- 
ous approaches to the CQM theory, and the approach based on the 
effective complex Hamiltonians is discussed in greater detail. The 
effective complex Hamiltonian is derived from the restricted path in- 
tegral, which emphasizes the role of information in the dynamics of 
the system being measured. The complex Hamiltonian is used for an- 
alyzing the CQM of energy in a two-level system. Such measurement 
is demonstrated to be capable of monitoring the quantum transition, 
and the back effect of monitoring on the probability of transition is 
analyzed. The realization of this type of measurement by a long series 
of soft observations of the system is presented. 
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1 Introduction 



Continuous or repeated measurements of quantum systems have been actively 
discussed over the past decade — in the first place because this is where the 
intrinsic features of quantum theory are manifested to the utmost, and sec- 
ondly because such measurements are steadily gaining practical importance 
[pj]-[p^|. Twenty years ago it was theoretically demonstrated |fT5|| -[]IB|l, and 
later confirmed experimentally that repeated measurements of a discrete 
observable lead to freezing of the system in the original state (the so-called 
quantum Zeno effect). If, however, the accuracy of each of repeated mea- 
surements is not high, then their effect on the measured system is not as 
strong, and the continuously measured system is not frozen 0, [|. Recently 
it was demonstrated |2^, ^l) that a soft continuous quantum measurement 
(CQM) is capable of monitoring a quantum transition, and an experiment 
was proposed in which the transition between two atomic levels induced by 
resonant radiation is monitored through observing a series of electron scat- 
terings by the atom. Actually, instead of electron scattering one could use a 
series of short and weak interactions of the atom with any auxiliary system. 
Other quantum phenomena can be monitored in a similar way. Thus, soft 
continuous quantum measurements offer a new tool for experimental study 
of quantum processes, capable of giving an insight deeper than previously 
deemed possible. 

We shall outline these new possibilities at the end of this review, and will 
start it with the theoretical analysis of quantum measurement in general, 
and CQM in particular. We are going to give a thorough analysis of the 
phenomenon of decoherence of quantum system — the process through which 
the system acquires classical features, and the environment stores information 
about the system [12]. The phenomenon of decoherence is associated with 
any measurement, and plays the decisive role in the dynamics of a system 
subjected to repeated or continuous quantum measurements. 

Using a simple example we shall see how the measurement of a quantum 
system occurs in the process of interaction between the system and its en- 
vironment, and why this interaction inevitably leads to decoherence of the 
measured system. We shall briefly discuss two models of quantum diffusion 
- that is, the continuous monitoring of the coordinate of the quantum par- 
ticle. Then we are going to present different phenomenological approaches 
to CQM, which enable studying them without resorting to particular models 
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of the surrounding (measuring) medium. 

In special detail we shall discuss the phenomenological approach based on 
the restricted integrals over paths (quantum corridors), which effectively re- 
duces to the Schrodinger equation with complex Hamiltonian. Subsequently 
we shall use this approach for analyzing the continuous measurement of the 
energy of a multilevel system and — in greater detail — a two-level one. 
We shall prove that such measurement is capable of monitoring the quantum 
transition (Rabi oscillations). 

• 

The relationship between quantum and classical descriptions of physi- 
cal processes has been actively discussed since the early days of quantum 
mechanics, and still is. This issue is highly complicated because of the fun- 
damental differences between the quantum and classical representations of 
physical systems and phenomena. The main distinction is apparently the 
quantum theoretical principle of superposition for the states of "corpuscular" 
systems, for which in classical physics superposition is not possible. Because 
of this, it is not quite true that classical theory gives an approximate descrip- 
tion of something that is more precisely rendered in terms of quantum theory. 
Niels Bohr believed that a complete description of physical phenomena ought 
to include classical elements in addition to quantum representation. 

Quantum mechanics assumes that, along with any two states of a quan- 
tum system l^i), Ifa), there exists also their quantum mechanical (also 
known as coherent) superposition \ip) = c\\ai) + C2\a 2 ). If, however, the 
states j^i), \ip 2 ) differ considerably — are said to be classically distinctive - 
for example, relate to the states of an elementary particle localized at points 
far from each other, then their superposition is not observed under ordinary 
circumstances. Such states may be referred to as non-coherent. 

To be more precise, a superposition of macroscopically distinctive states 
can be realized; but to have it survive for some time the system must be 
completely isolated. Even a very slight interaction with the environment 
will very quickly reduce the superposition to one of the stable states 
or ^2), with only the respective probabilities |ci| 2 and | C2 1 2 known in 
advance. Such conversion is the simplest example of decoherence. The fathers 
of quantum mechanics referred to this process as reduction or collapse. Today 
its nature is well understood, and studied is the dynamics of this process, its 
development in time. 

A couple of decades ago the process of decoherence was mostly of aca- 
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demic interest. Currently, however, the experimental techniques in the field 



of, for example, quantum optics [22|, have become so much refined that it 



has become possible to observe the formation of superposition of macroscop- 



ically distinctive states and the subsequent process of decoherence |23|, ^4 
Moreover, the processes of decoherence must necessarily be included into 
the correct description of quantum systems interacting with the environment 
(open systems). 

In particular, the processes of decoherence are important for the theory 
and practice of quantum computers [^, |2(| . Quantum computer is a device 



capable of performing parallel computations by operating with a quantum 
superposition involving an enormous number of terms. 

In quantum computers (whose elements have already been realized in 
practice) decoherence plays a dual role. In the course of calculations, deco- 
herence is a harmful process, since the superposition has to be prevented from 
falling apart. However, when the computation is complete, its result must be 
retrieved from the computer and represented in the classical (that is, stable 
and steady) form. This is accomplished by the appropriate measurement of 
the state of computer as a quantum system. In other words, the computer 
is made to interact with a special device which acts as a measuring system. 
This device measures certain parameters of the state of the computer, thus 
causing decoherence of this state. In this case the decoherence is brought 
about deliberately. 

Hypothetical quantum computers are devices in which decoherence plays 
a crucial role. It is of no less importance, however, for many other quantum 
devices. The phenomenon of decoherence occurs whenever the system inter- 
acts or is made to interact with its environment, and the state of the system 
has some impact on the state of the environment. By observing the state of 
the environment one can then gain some information regarding the state of 
the system. Accordingly, interaction of the system with its environment may 
be interpreted as the measurement of the system. The information about 
the system is recorded in the environment. Then we say that a measurement 
of the quantum system has taken place. The environment that performs 
this measurement can be created on purpose (measuring device or measur- 
ing medium), although in many cases it exists beyond the experimenter's 
discretion, and often plays an undesirable role, leading to a special kind of 
dissipation. 

It is important that such interaction with the environment inevitably 
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modifies the state of the quantum system, causing decoherence. It turns out, 
however, that the behavior of the quantum system being measured can be 
described with due account for its decoherence, without the need for explicit 
description of the measuring medium. The back effects of the environment 
are taken into account implicitly. This means that the system in question is 
treated as an open system, and its evolution is described phenomenologically. 

The phenomenological theory of continuously measured quantum systems 
is an extension of the conventional quantum mechanics and much augments 
its capabilities. This theory is closed and intrinsically elegant. 

In this way, the answers to the questions "How does a quantum mea- 
surement occur?" , and "How does a continuously measured system behave?" 
brings us to the theory of open continuously measured quantum systems. 

• 

From the general course of quantum mechanics we know that the mea- 
surement on a quantum system obeys von Neumann's reduction postulate, 
which in the simplest case is represented by the scheme 



In this scheme, |1) and |2) are states corresponding each to a certain outcome 
of the measurement. According to the reduction postulate, one or the other 
measurement output are random quantities with respective probabilities pi 
and P2, and the system assumes the corresponding state. This instantaneous 
transition, which cannot be described by the Schrodinger equation, is known 
as reduction or collapse of the state of the system. Mathematically, reduction 
can be described as the projection of the initial state vector on to the subspace 
of vectors proportional to either |1) or |2). 

In the more general case, the measurement is described by a set of projec- 
tors Pi, where subscript i numbers the alternative outcomes of the measure- 
ment. If the measurement results in the ith alternative, the initial state 
after the measurement will go into state \%pi) = Pi\ip) — that is, the reduction 
of state is described by the corresponding projector. The probability that 
the measurement will result in the ith alternative is0 



Usually the state after the measurement is described in terms of the normalized vector. 
We, however, prefer using vector since the reduction then is represented in a very 
straightforward manner, and the norm of the resulting vector is equal to the probability 




Pi = \Cl 
Vl = |c 2 




(1) 
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This most simple scheme of description of measurement raises a number 
of questions, the first of which is how and why the collapse takes place. The 
answer to this question has been sought by many authors (see for example 



P7j , |28| , |T0|-||T3[ and an excellent review of the topical literature in the book 
[|l4|j ) . Very clear analysis of the mechanism leading co collapse has been given 
in papers by Zurek |29], BO], where it has been termed environment-induced 



superselection. We shall briefly touch upon this issue in Section |2X 

Another question arises when we consider a series of successive quan- 
tum measurements each of which is described by von Neumann's reduction. 
How does a system behave when subjected to a series of such instantaneous 
measurements? How does this behavior change if the intervals between the 
successive measurements tend to zero, so that the measurement becomes con- 
tinuous? This paper for the most part is devoted to the discussion of these 
questions. 

The analysis of these problems reveals that repeated von Neumann mea- 
surements of the observable with discrete spectrum (for example, measure- 
ment of the energy of a multilevel system) lead to suppression of quantum 
transitions. As a result of continuous measurement, the system is completely 
frozen at one point of the spectrum. This phenomenon has attracted much 
interest and became known as Zeno quantum paradox (or effect) [|T5l|-[|T8 . 



Zeno paradox indicates that a continuous measurement may lead to triv- 
ialization, to the disappearance of dynamics. But is it always the case? The 
answer is negative. In the first place, the system is not frozen if the mea- 
sured observable has a continuous spectrum. Secondly, the dynamics remains 
nontrivial even in case of discrete spectrum as long as the measurement is 
soft (not too accurate). From this standpoint, a too accurate measurement 
of quantum system is not advantageous, and this is a manifestation of the 
paradoxical nature of quantum mechanics. 

The dynamics of a quantum system subjected to continuous measurement 
is a new type of dynamics which is more general than that described by the 
conventional Schrodinger equation. It includes dissipation due to the effects 
of the environment. It is the dynamics of open quantum systems. 

• 

There are different approaches to the description of open (continuously 



of the respective outcome of the measurement. This approach is especially convenient for 
describing repeated measurements. 
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measured) quantum systems. Later on we are going to discuss these in greater 
detail; at this point we shall just enumerate some of them: 

• The model of measurement which includes the principal quantum sys- 
tem S, its environment (or measuring device) Ai, and the interaction 
between them. 

• The equation for the density matrix (master equation) of the system 
S, obtained after summation over the degrees of freedom of the envi- 
ronment M. (a special case of the Lindblad equation). 

• Restricted path integrals (quantum corridors), which can be reduced 
to the Schrodinger equation with complex Hamiltonian. 

• The stochastic Schrodinger equation. 
Finally, let us make two conceptual remarks. 

The theory of open continuously measured quantum systems throws new 
light on the old question whether or not quantum mechanics is a closed the- 
ory. The answer is affirmative if we are considering the Feynman formulation 
of quantum mechanics which is extremely rich in ideas. This ideological di- 
versity allows us not to introduce the theory of quantum measurements as 
a special independent postulate, but rather derive it from the Feynman for- 
mulation of quantum mechanics. 

The phenomenology of continuously measured quantum systems leads to 
the conclusion of the dynamic role of information in the following sense. Of 
course, the dynamics of the measured system is determined by the nature 
of the measuring medium and its interaction with the system. All essen- 
tial features of the dynamics, however, can be reconstructed using only the 
information about the system that is recorded in the environment. It is 
information that determines the dynamics. 

2 Measurement of quantum system by its 
environment 

In this section we shall consider the physically more obvious "straightfor- 
ward" descriptions of the measurement of quantum system, leaving for the 
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next section the more abstract phenomenological approaches which have the 
advantage of being universal and independent of the model used. 



2.1 Environment-induced superselection 

As already mentioned, the behavior of quantum system subjected to mea- 
surement (idealized, of course) is described by von Neumann's reduction 
postulate ||31|| . Let us consider very schematically the physical nature of the 
reduction (collapse) of state. To illustrate the main idea it will suffice to 
analyze the simplest measurement amounting to the choice between two al- 
ternatives. Assume, for example, that measured is the observable A which 
may take on one of the two values a', a". Then, as a result of the measure- 
ment, the system, with the appropriate probability, will go over into one of 
the eigenstates of the observable: 

hA> = c y> + cV>-{ P p^J\)f (2) 

The same change in terms of the density matrix is expressed as the tran- 
sition of the density matrix p = \ip){^>\ of pure state into the density matrix 
of mixed state 



Po = 



|c'| 2 c'c"* \ 


( W\ 2 


1 


c'*c" \c"\ 2 J 


\ 


\c'f ) 



= P- (3) 



The resulting density matrix p contains the same information as the right- 
hand side of (H), including information about the transition probabilities. 

The physical process leading to the transition (|3|) is called decoherence. It 
results in the conversion of a superposition of a set of states to the mixture 
of the same states. The mark of decoherence is the disappearance of the 
nondiagonal elements of the density matrix: 

(a'\p\a") = (a"\p\a") = 0. (4) 

After the measurement, the superposition of states \a') and \a") is no 
longer possible, and only one of them may exist [[ without admixture of the 
other]]. We speak then of superselection - prohibition of the superposition of 
states from a given set of subspaces (in our example it is two one- dimensional 
subspaces) . 
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Now let us consider the physical mechanism which leads to decoher- 
ence and superselection. This mechanism consists in the interaction of the 
measured system with its environment (measuring device) according to the 
scheme: 



System 



Environment 



Interaction leads to entanglement, to quantum correlation of the two systems, 
so that the state of one of them contains information about the state of the 
other. This is how this occurs. 

As already mentioned, a situation equivalent to the measurement of a 
quantum system is often encountered even in case when the measurement 
was not aimed by the experimenter. Nevertheless, for the sake of simplicity 
we shall speak of the device A4 that measures the system S. Assume that the 
device prior to the interaction occurs in the state \<f>o). Interaction between 
two systems is referred to as measurement when it results in a specific corre- 
lation between these two systems, so that the information about one system 
is recorded in the state of the other. In our case, the interaction between the 
two subsystems must translate the state \a') |0o) of the compound system 
into | a') and the state \a") |0o) into \a") \<$>"). Then the state of the 
device after the measurement will tell us about the state of the measured 
system. 

Assume that prior to the measurement the composite system, comprising 
S and M. as subsystems, occurs in the state |^ ) — W) I0o), where 
is the state of the measured system discussed above. Then the interaction 
between the two subsystems will result in the following change of state of the 
composite system: 

l*o> = IV) I'M = (cV> + c'V» \<h) - c'W) W) + c"\a") \4>") = |*>. (5) 

Observe that, by contrast to the reduction of states (0) or (|3p, the transi- 
tion (|5|) occurs due to the conventional quantum mechanical evolution, and 
can be described by the Schrodinger equation. This evolution results in the 
state of the composite system, in which the subsystems S and M. are 
entangled, in other words, quantum correlation is established between them. 

Constructing the density matrix of the composite system after 

the measurement and calculating its trace with respect to all degrees of free- 
dom of the measuring device, we obtain the density matrix of the measured 
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system: 



p = Tr |*)<*| (6) 
= |c'| 2 \a')(a'\ + \c"\ 2 \a")(a"\ + (0"|0'> c'c"*\a')(a"\ + (0'|0"> c'*c"\a")(a'\. 

In this expression the off-diagonal matrix elements are nonzero. The following 
analysis indicates, however, that in reality they are negligibly small, and 
condition ([|) is satisfied to a high degree of accuracy. 

In this expression the off-diagonal matrix elements are nonzero. The 
following analysis indicates, however, that in reality they are negligibly small, 
and condition (f|) is satisfied to a high degree of accuracy. 

A large (macroscopic) number of degrees of freedom is prerequisite for 
any measuring device, as is the fact that its states corresponding to different 
outcomes of the measurement (in our case |0') and \4>")) are "macroscopically 
distinctive". This means that the corresponding wave functions depend on 
very many variables, and exhibit different functional dependences on the 
large number of these variables. The scalar product of such wave functions 
is practically equal to zero (to be more precise, it is exponentially small with 
the exponent of the order of -10 23 ). The reason is that the scalar product is 
an integral with respect to an enormous (macroscopic) number of variables. 
Even if the integral with respect to each separate variable is a little less than 
one, the total multiple integral will be close to zero. Hence, to a high degree 
of accuracy we have 

= (0"|0'> = 0. (7) 

As a result, the off-diagonal terms of the density matrix vanish, and it be- 
comes 

p = Tr |*)(*| = |c'| 2 \a'){a'\ + |c'f \a"){a"\ (8) 

in accordance with Eq. (|j). In this way, the measurement leads to deco- 
herence or superselection. The nature of this phenomenon has rather long 
been understood (see, for example, the excellent papers [B!3]-[|J3]). Zurek fur- 



thered the analysis of this phenomenon and aptly christened it "environment- 



induced superselection" [|3Q | . 



We did not go into the details of the interaction between the measured 
system and its environment leading to transition (||) . The analysis of relevant 
models (see book [|TJJ] and references therein) reveals that decoherence arises 
(that is, the off-diagonal terms vanish) exponentially fast in accordance with 
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the expression 



Ka"|p(t)|o')| 2 ~e-^ "-°') a *. 



(9) 



This occurs as more and more degrees of freedom of the environment get 
entangled with the measured system. As follows from Eq. (^), the character- 
istic time of decoherence td is inversely proportional to the squared difference 
between the measured values of the observable, 

U ~ (a" - a')" 2 . (10) 

By the way, this explains why it is practically impossible to realize a su- 
perposition of two states of a particle which are localized at points far from 
each other. Even if such superposition were to arise, it would very quickly 
suffer decoherence owing to the interaction with the environment from which 
it cannot be completely isolated. 



2.2 Models of continuous measurements 



The physically most intelligible approach to the description of quantum mea- 
surements, including continuous measurements, relies on some model of the 
process of measurement in accordance with the general scheme outlined in 
Section 2.1. The model must include the principal quantum system S, its 
environment A4, and the interaction between them. If the macroscopic num- 
ber of degrees of freedom of the environment is explicitly taken into account, 
then the model becomes rather complicated. 

Proposed was a large variety of models of quantum measurements (see, 
for example, in the chronological order, |35|, |36|, |32], |33], |37|, |3(J, |38], [40], f|, 
0, f|I[ [7|, £|2], Without going into the details, we are going to describe 

and compare two models of one and the same continuous measurement which 
consists in monitoring the coordinate of a pointlike particle. The first of these 
models was proposed as part of a theory of quantum diffusion . Consider 
a pointlike quantum particle interacting with the atoms in crystal lattice as 
shown in the following diagram of decoherence by crystal modes: 
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Decoherence by crystal modes 

Caldeira & Leggett 1983 




The "particle" in our context is the measured system S, and the "crystal" 
is its environment M.. Such interaction results in the correlation between 
the coordinate of particle and the state of crystal (in other words, the state 
of phonons that represent the motion of crystal atoms). The particle then 
suffers decoherence, its state is described by the density matrix, and the time 
evolution is described by equation! 



P 



i 1 



where the coefficient 



K 



2rjkT 



(ii) 



(12) 



depends on the temperature of the crystal T and the damping coefficient 77, 
the same as enters the classic equation of motion of particle in a medium 



mr + rjr + V\r) = F(t) 



(13) 



Another model of motion of particle through a medium was specially de- 
signed for describing the continuous measurement of the particle's coordinate 
[12| . |43|j . This model assumes that the interaction with the particle excites the 
internal degrees of freedom of the atom, and the decoherence occurs through 
interaction with these degrees of freedom rather than with the modes cor- 
responding to the displacement of atoms. This model can be schematically 



2 A more general equation can be found in Ref. p3]. We give a simplified expression 
whose validity is subject to certain restrictions on the parameters of the system. 
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represented by the following diagram of decoherence by internal structure of 
atoms: 

Decoherence by internal structure of atoms 

Konetchnyi, Mensky & Namiot 1993 
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This model also leads to equation of the form of Eq. (|TTJ) , but the coeffi- 
cient 



in this case will depend on the distance A at which the atom reacts to the 
particle, and the relaxation time r of the atom excited by the passage of the 
particle. Under certain conditions, this second mechanism of decoherence 
will prevail. 

For our future discussion it is important that both models lead to the 
equation (|11]) for the density matrix, in which the effect of decoherence is 
represented by the double commutator of the density matrix with the mea- 
sured observable (which in our case is the position of the particle). As will be 
demonstrated in Section || such equation, which represents the phenomeno- 
logical description of continuous quantum measurement, can be derived with- 
out using the model of interaction. 



3 Phenomenology of continuously measured 
systems 

As demonstrated in Section [|, the behavior of a quantum system subjected 
to continuous measurement can be derived by considering the model of the 
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environment. It is possible, however, to do without such model, taking the 
effects of the environment into account implicitly in accordance with the 
scheme 



System <-> 

We shall discuss different approaches to this phenomenological description 
of continuous quantum measurements (CQM), paying special attention to the 
method of restricted path integrals. 

3.1 Approaches to describing continuous measurements 

A continuous quantum measurement can be approximated by a series of 
repeated instantaneous measurements, each of which is described by the von 
Neumann projector. Evolution of the system between two measurements is 
described by the Schrodinger equation, or (which is equivalent) by the unitary 
evolution operator. This gives us the following law of evolution between the 
times t and t = t^: 

W)) = U(t N ,t N -i)P itI _JJ(t N - U t N - % ) . . . 

. . . U(t 3 , t 2 )P i2 U{t 2 , t^P^U^to) mt )) (15) 

The result of a series of measurements is represented by a sequence of numbers 
{ii,i 2 , ■ ■ ■ , ijv-i}- We see that the evolution of the measured system depends 
on these numbers — that is, on the result of the series of measurements. 
The description can be made more realistic if we represent the instantaneous 
measurement not by the von Neumann projectors, but rather by their gen- 
eralizations — positive operators. The spectrum of possible measurement 
outputs can then be made continuous. 

Passing to the limit from this formalism for repeated measurements, one 
can obtain a tool for studying continuous quantum measurements (see, for 
example, Refs K3L 0, H5|). The resulting approach is phenomenological and 



does not require an explicit model of the measuring medium. The contin- 
uously measured system is then assumed to be open, and the effects of the 
environment are taken into account in an implicit way. 

There are quite a few phenomenological approaches that lead straight 
to the continuous measurement, without first representing it as a repeated 
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measurement with subsequent passage to the limit. Let us list the main of 
these. 



Equation for the density matrix (master equation) of a continuously 
measured system S can be represented in the form 

p=-j:[H,p]-±K[A,[A,P]], (16) 

where H is the Hamiltonian of the measured system, A is the contin- 
uously measured observable of the system — that is, the observable 
the information whereof is "recorded" in the state of the environment, 
and constant k characterizes the strength of interaction between the 



measured system and its environment. Equation (0) is a special case 



of the Lindblad equation |46| which describes a more general class of 
open systems. In Section 22 we saw that the equation of this form 
can be derived from the model of interaction between the system and 
its environment. In Ref. [fIB] , however, the Lindblad equation has been 



derived without using any particular model, under assumption of the 
Markovian nature of the process. Interpretation of the special case (|16|) 
of the Lindblad equation as describing a continuous measurement can 
only be corroborated either by the models of measurement, or with the 
aid of restricted path integrals (see next paragraph). 

The restricted path integrals or quantum corridors |2|, || reduce the de- 
scription of continuously measured system S to the Schrodinger equa- 
tion with complex Hamiltonian, 



~H - k(A - a(t)f 



(17) 



By a(t) here we denote the value of observable A at the time t found in 
the course of continuous measurement. Thus, unlike the Lindblad equa- 
tion, this description of continuous measurement is selective: it takes 
into account the result of the measurement — that is, the information 
recorded in the environment (despite the fact that this approach does 
not rely on any model of the environment). This is the information 
approach, which assumes that the dynamics of the measured system 
is determined not by the particulars of the environment, but rather 
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by the information recorded in the environment. Equation ([16]) can 
be derived from Eq. (jlTf) by carrying out summation over all possible 
curves a(t) in a certain way. This approach will be discussed in detail 
in Section I 



The stochastic Schrodinger equation for a continuously measured sys- 
tem 



- 1 -H-k{A-(A)) 2 



\ip)dt + V2k{A - (A))\tp)dw (18) 



can be derived [|7| from the equation with complex Hamiltonian (]T 
In the stochastic equation, w is a random function of the type of Brow- 
nian walk (white noise), which characterizes the effects of the envi- 
ronment. The differential of this variable, which enters this equation, 
satisfies the condition dw 2 = dt, which reflects the properties of Brow- 
nian motion (the mean deviation is proportional to square root from 
the time interval). Proposed have also been other stochastic equations 
[jj8"|-|pU| leading to the Lindblad equation (|T6|). The problem is that the 
stochastic equation cannot be unambiguously derived from the Lind- 
blad equation. The advantage of Eq. ( |TBD is that it follows from the 
equation with complex Hamiltonian (|T7|) , which in turn can be derived 



from first principles. In Ref. |51[ and subsequent publications of the 
same authors, the noise in the stochastic equation was interpreted in a 
different fashion — not as an effect of the environment, but rather as 
an independent fundamental physical process called spontaneous local- 
ization. 
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The relationship between different phenomenological approaches to con- 
tinuous quantum measurements can be illustrated by the following table: 



Quantum mechanics of open measured systems 



Selective description 



Nonselective description 



Feynman Quantum Mechanics: 

Feynman 1948 



\ 



Restricted Path Integrals: 

Mensky 1979 



Influence functional: 

Feynman & Vernon 1963 



Complex Hamiltonians: 

Golubtsova & Mensky 1989 
Mensky, Onofrio & Presilla 1991 



Stochastic Equations 

Diosi 1989 
Gisin 1989 
Belavkin 1989 



Master equation: 

Lindblad 1976 



In this table we emphasize the distinction between the selective and non- 
selective descriptions of continuous quantum measurements. The selective 
description is more detailed. It portrays the evolution of the measured sys- 
tem for only one out of many alternative results of measurement. In this 
description the state of the measured system remains pure (if, of course, 
it had been pure prior to the measurement). In the equation with com- 
plex Hamiltonian, the alternative is given by the function a(t), which has a 
straightforward physical meaning — it is the result of monitoring the observ- 
able A. In the stochastic equation, the alternative is given by the random 
function w. 

Nonselective description represents evolution of the measured system ir- 
respective of the measurement readout. This description takes into account 
all possible readouts, and the actual readout is assumed to be not known. 
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Accordingly, the nonselective description (equation for the density matrix, or 
master equation) can be derived from the selective description by carrying out 
summation with respect to the alternatives (see, for example, Ref. [|52|| ). The 
transition back from nonselective (less detailed) to selective (more detailed) 
description is ambiguous and requires additional assumptions for removing 
the uncertainty. The logical links between the approaches, the possibilities 
for deriving one approach from another, are shown on the diagram by arrows 
(see also Section |3T3| ) . 

3.2 Restricted path integrals (quantum corridors) 

Let us consider in greater detail the method of restricted path integrals (RPI) 
for describing continuous quantum measurements. In this approach, the 
open continuously measured system is described (as opposed to the closed 
system) not by a single unitary evolution operator, but rather by a whole 
family of partial evolution operators (propagators), in accordance with the 
numerous alternative measurement readouts. Each result of the measurement 
defines one channel of quantum evolution with the aid of the relevant partial 
propagator. And it is all these channels taken together that give a complete 
description of the dynamics of the open continuously measured system. 

3.2.1 Main principles 

The starting point for constructing the method of restricted path integrals 
is the Feynman formulation of quantum mechanics based on the formalism 
of path integrals. The Feynman path integrals are convenient for developing 
the main principles of the approach, being an excellent tool for conceptual 
analysis. Having formulated the basics of the theory, however, it will be 
easy to switch to the mathematically more simple formalism of Schrodinger 
equation with complex Hamiltonian. Schrodinger equation can then be used 
for practical calculations, without using the path integrals. 

In Feynman's formulation of quantum mechanics, the amplitude of tran- 
sition of the system from one point of the configuration space to another 
(propagator of the system) is represented by the path integral 

U T (q", q') = J d[q] e^ s[q] = J d[p]d[q] !o^' H ^\ (19) 



19 



Here S[q] is the classical action of the system in question, which may be 
expressed as the integral of the Lagrangian along the path, 

S[q}= f T dtL(q,q,t), (20) 
Jo 

and H is its Hamiltonian. The first integral in Eq. ([19]) is the path integral in 
the configuration space (which may be multidimensional), and the second is 
the path integral in the corresponding phase space. The integrals are equal 
to each other, and any of them can be used for describing a closed system. 
For describing a continuously measured system, however, one generally needs 
the path integral in the phase space. 

Operator U t with kernel (|T9| ) — that is, one whose matrix elements are 

(q"\UtW)=U t (q",q'), (21) 

- is the evolution operator, and describes evolution of the system in accor- 
dance with equations 

\i, t ) = U t \ij ), p' = U tPo U} (22) 

We know that vector \ip t ) can be found by solving the Schrodinger equa- 
tion with the initial condition |^o)- The classical Hamiltonian of the system 
is real, and the corresponding quantum operator H is Hermitian. Therefore, 
the evolution operator U t is unitary, 

UfU t = l, (23) 

and the vector \i[) t ) has the unit norm (provided, of course, that the initial 
vector |^o) is normalized to unity). 

To go over to the description of continuous measurement, we must first 
recall the conceptual basis of Feynman's representation ( |T9"D of the propa- 
gator. According to Feynman's ideology, the exponential under the path 
integral is the amplitude of probability of transition of the system from the 
starting point to the end point along the given path (which may be a path 
in the configuration space or phase space). Since the path the transition 
takes is not known, the total amplitude of transition probability is found by 
carrying out summation (integration) over all possible paths, which leads to 
expression (|19|). 
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The latter argument only holds, however, if it is really not possible in 
principle to find out along which path the system propagates. Such is indeed 
the case when the system is closed. The situation is different if the system is 
open — that is, if the system interacts with the environment in some way or 
other. In this case the state of the environment is modified by the interaction, 
and this change will depend on the state of the system. Monitoring the 
change of the state of the environment, one can gain certain information 
about the evolution of the system that has caused this change. In particular, 
some knowledge can be obtained about the path of propagation of the system. 
In such case the path integral must be restricted to those paths which comply 
with the information obtained. 

This is how the restricted path integral (RPI) arises. The idea of its 
application to continuous measurements was briefly formulated by Feynman 
in his original paper [E3|. This approach was developed technically and con- 
ceptually in the author's papers [||, ||, @, |[ (see also Refs [§§, 0' @> 0)- 
In two directions it has been possible to advance Feynman's ideas much 
further: (1) the RPI formalism has been extended to arbitrary continuous 
measurements, not limited to the continuous monitoring of the coordinates 
of the system; and (2) it has been proved that the calculation of RPI not 
only gives the probability distribution of different results of measurement, 
but also presents the evolution of the measured system (which in turn allows 
refining the first conclusions concerning the probability distribution). 

Now the easiest way to proceed is to use the most simple example of con- 
tinuous measurement. Assume that the measurement consists in monitoring 
the position of the system in the configuration space (for definiteness, we 
may speak of monitoring the coordinate of a moving particle). Then at any 
time t the measurement gives an estimate of the position — that is, point 
a(t) in the configuration space. In total, the result of the measurement is 
represented by the curve [a] = {a(t) | < t < T}. Since the accuracy of 
measurement cannot be infinite, the resulting curve [a] only gives limited 
information about the position of the system at any time. Namely, it tells 
us that at the time t the system occurred in a certain neighborhood of point 
a(t). The size of this neighborhood depends on the error of measurement 
Act. Accordingly, the result of continuous measurement as a whole defines a 
corridor in the configuration space, centered around the curve [a] and hav- 
ing the width of Aa (see Fig. p]). In view of this, the path integral in the 
calculation of propagator ought to be restricted to this corridor. 
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Figure 1: Corridor restricting the path integration in case of continuous 
monitoring of coordinate. 

In more general terms, if the readout of continuous measurement a implies 
that path [q] belongs to the family of paths I a , then the propagator of the 
system must be calculated by the formula 

U%(q",q') = f dlq}e* s[c > ] . (24) 

Similarly, if the readout a of continuous measurement implies that path [p, q] 
in the phase space belongs to the family of paths J a in the phase space, then 
the expression for the propagator of the system is 

U%(q", q') = [ d[p}d[q] ^^~ H ^\ (25) 

Thus, we find the propagator as the integral over the corridor of paths. By 
analogy with Carmichael's quantum trajectory ||, we may refer to I a or J a 
as the quantum corridor. 

The corridor in the configuration space may be regarded as a partic- 
ular case of the corridor J a in the phase space. This special case is realized 
when the information gained from the measurement is adequately expressed 
in terms of coordinates and does not require the involvement of momentum. 
Such is the case, for example, when the measurement consists in monitor- 
ing the coordinate.! Usually the information supplied by the measurement 

3 Notice that the information about the path [q] obtained from the measurement allows 
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does not allow denning the corridor of paths with clear-cut limits. A more 
adequate description of the measurement is based on the weight functional 

U?(q",q') = Jd[q]w a [q]e^ S[q] (26) 

or, in the general case, 

U2(q", q') = J d[p}d[q] w a \p, q] e ^^~ H ^\ (27) 

In such situation we may also speak of a quantum corridor, but the bound- 
aries of this corridor are blurred. If, for example, measured continuously 
is the coordinate q, and the measurement readout is represented by curve 
a = [a], then the functional w a [q] must be equal to one for paths [q] lying 
close to curve [a] , and turn into zero for paths straying far from this curve. 

Remark 1 A still more realistic description of the measurement requires us- 
ing a complex- valued functional w a [p, q] in place of the real- valued one. This 
means that the measurement involves not only projecting the system on to 
the subspace corresponding to the measurement readout, but also a change 
of phase of the wave function depending on the readout. Such measurement 
is not minimal because the same information can be obtained without dis- 
tortion of phase (while the projection is absolutely necessary). Real devices, 
however, may realize exactly such nonminimal measurements. Besides, for 
some purposes a nonminimal measurement may be advantageous. 

Having expressed in one way or another the propagator U^(q",q') and 
passing to the relevant evolution operator using the formula similar to 
Eq. (pTP, we get the law of evolution in the form (provided that the continuous 
measurement in question is performed and yields the desired result) 

m = U^ ), (% = U?p {U?? (28) 

Now we have a whole family of partial evolution operators U^, and these 
operators are not unitary. Vector produced by the application of such 

making certain conclusions concerning the velocity [q] , but this does not yet automatically 
give the momentum, since the classical relation p = mq does not hold in the quantum 
regime (see Refs ^ ) . 
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operator has the norm less than one (even if the initial vector is normalized). 
The trace of the density matrix pf. is less than one, even if the initial density 
matrix has a unit trace. This circumstance is not accidental, because the new 
norms give us the probability distribution of different measurement readouts. 
Namely, the quantity 

P(a) = Trp£ = Tr (u%p ([/£)*) (29) 

is the density of the probability that the measurement will yield the result 
a. The distribution is normalized with respect to a certain measure da, so 
that 

fdaP(a) = l. (30) 

Carrying out summation (using this measure) over all possible outcomes 
of measurement a, we may go over to the nonselective description of contin- 
uous measurement: 

p T = J dap% = J da U^po {U%) ] . (31) 

Then the measurement readout is assumed to be unknown, and the evolution 
of the measured system is described by the density matrix. The trace of the 
density matrix is unity for any initial state pr of the system, as long as the 
condition of generalized unitarity 

J da (U^ U$ = l (32) 

is satisfied. This condition ensures preservation of probability (30), and 
therefore is mandatory for the family of partial evolution operators. 

3.2.2 Monitoring of arbitrary observable 

Embarking on the construction of the RPI formalism, we selected the moni- 
toring of coordinate as our working example of continuous measurement. Let 
us now consider a more general case of monitoring of an arbitrary observable 
which may be a function of coordinates, momenta and time, A = A{p,q,t). 
The result of monitoring of this observable is represented by the function 

[a] = {a(t) \0<t<T}. (33) 
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This result implies that the observable A at any time t is close to a(t). In 
other words, curve [A], as determined by its values 

A(t) = A(p(t),q(t),t), (34) 

is generally close to curve [a] . The word "close" is rather loose and ought 
to be given a definition. For the criterion of closeness of two curves we shall 
select the mean square distance between them, 

{{A-af) T = ^j\A{t)-a{t)fdt. (35) 

Now we define the weight functional in Eq. (f27]) as 

W[ a ][p,q} = exp (-k((A - a) 2 ) T ^j = exp ^-«^ [A{t) - a{t)] 2 dtj . (36) 

Thus we have in a certain way concretized the concept of the quantum cor- 
ridor which describes our measurement (monitoring of the observable A). 
We may say that for the description of monitoring we are using Gaussian 
corridor. 

The measure of closeness of the two curves and the weight functional can 
be chosen in different ways, and the resulting description of the measurement 
will to a certain extent depend on this choice. Having decided in favor of a 
particular choice, we solidify the theory. Selecting different options, we shall 
be getting somewhat different description for the measurement which we have 
called the monitoring of observable A. This uncertainty has a straightforward 
physical interpretation — it is related to the freedom of physical realization 
of the monitoring. 

Mathematically, our definition of the weight functional ( |36l) is the sim- 
plest. At the same time, it can be proved that this functional correctly 
describes the behavior of the system when the monitoring is realized in the 
form of frequent and short (almost instantaneous) observations of the system 
— that is, as a series of weak interactions with the measuring system. In prin- 
ciple, however, one can select a different weight functional, thus describing a 
different class of measuring devices (see Remark [I] above). 

Coefficient k in Eq. flBlp characterizes the "force of measurement", its 
accuracy. To better understand the physical meaning of this parameter, we 
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may represent it in the form 



K =TA4' (37) 

Substituting this expression for k into Eqn (36), we see that Aay is the error 
of the continuous measurement that lasts for the time T. Indeed, the weight 
functional (36) is designed so that a substantial contribution into the RPI 
only comes from those paths which correspond to functions A(t) whose mean 
square deviation from a(t) is not greater than Aay. 

If the parameter k remains constant with the time, then Aa-r falls, 

Aa 2 T ~ 1 (38) 

that is, the resolution of continuous measurement improves as its duration 
increases. We shall return to this effect later on, in connection with the 
continuous measurement of energy. At this point we just note that it leads 
to the exponentially fast decoherence of the type of Eq. (§). 

Using the Gaussian definition (|36|) of quantum corridor, we may rewrite 



the restricted path integral (271) in the form 



U? (q", q') = J d[p} d[q] exp j ~ £ (pq - H(p, q, t)) dt 
- «jT T (A(p, g ,t)-o(t)) 2 dt|. 



(39) 



This integral will coincide with the conventional (nonrestricted) Feyn- 
man integral ([L9D if we replace the Hamiltonian H by the effective complex 
Hamiltonian 



H [a] (p, q, t) = H{p, q, t) - mh {A{p, q, t) - a{t)) z . (40) 

This means that the evolution described by the partial evolution oper- 
ator (EBp can be equivalently described by Schrodinger equation with the 



Hamiltonian 

7 r r 

.). (41) 



i H[a] 



—H — k(A — a(t)Y 
n 
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This equation describes evolution of the measured system in the selective 
way — that is, with due account for the readout of measurement [a]. If we 
go over to the nonselective description, carrying out integration over all [a] 
in accordance with Eq. (|3T|), then the resulting density matrix will satisfy 
[ |5^| the Lindblad equation (|16|). 

Remark 2 The arguments developed above hold if the time in the course 
of monitoring of the observable A is measured with absolute precision (that 
is, if the finite accuracy of timing can be neglected). Of course, in reality the 
quantity a(t), derived in the course of monitoring, characterizes the value 
of the observable on a certain time interval, whose length characterizes the 
accuracy of measurement of time, or, looking from a different angle, the 
inertial properties of the measuring device. The general scheme outlined in 
Section |3.2.1| was extended to this case in Ref. [43]. It was demonstrated 



that, in case of finite time resolution, evolution of the system cannot be 
described by a Schrodinger-type differential equation, and the measurement is 
"time-integral" . The RPI technique of representation of propagators remains 
workable in this case as well. 



3.2.3 *Uncertainties in continuous measurements 

A continuous measurement is completely described by the set of partial prop- 
agators fl2"7p, each of which can be found by calculating the RPI or by solving 
the Schrodinger equation with complex Hamiltonian. This, however, is not 
quite easy to do. Then a natural question is whether it might be possible 
to use simpler procedures (like the uncertainty relations) for solving at least 
some of the problems related to the continuous measurement. This indeed 
can be done. Namely, there are rather simple methods that give an approx- 
imate answer to the question as to which measurement readouts [a] occur 
with a high enough probability. 

This answer is expressed by inequality which is called the principle of un- 
certainty of action [RD1-[B2|, since it contains the estimate of how the classical 
action is changed when the path is varied within one and the same quantum 
corridor [a]. 

The condition that the probability of the measurement readout [a] be high 
is formulated in terms of one of the paths [p, q] reconciled with this readout 
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- that is, satisfying the condition A(t) = a(t), where A(t) = A(p(t), q(t), t)p 
Apart from this perfectly matching path, we consider a path [p + Ap, q + Aq] 
which differs from the latter by the increment [Ap, Aq] (where Ap = Ap(t), 
Aq = Aq(t) are functions of time). Then the function A(t) has the increment 
of AA(t). We only consider increments of the path such that the increment 
AA(t) remains less than the error of the measurement Aa(t). This means 
that the new path [p + Ap, q + Aq] within the accuracy of measurement Aa 
still agrees with the measurement readout [a]. To simplify the terminology, 
we shall say that the new path lies within the corridor [a] - that is, the 
increment of the path does not lead beyond this corridor. 

Now we find the classical action for the path [p, q] by the formula 



S[p,q]= f T (pq-H(p,q,t)) (42) 
Jo 

and look at the increment AS" upon transition to the new path [p+Ap, q+Aq\. 
The magnitude of the increments of action found in this way is the criterion of 
how probable is the measurement readout [a]. It turns out that the corridor 
[a] is probable if the increment of action AS* does not exceed the quantum 
of action h until the path lies within the corridor [a] .! 

This condition ensures that the measurement readout [a] occurs with a 
high enough probability. It can be written in the following compact form: 



max 

\AA(t)\<Aa(t) 



Api ft 




< h (43) 



The parentheses under the integral enclose expressions that enter the Hamil- 
ton equations; accordingly, this inequality can be interpreted in terms of 
"fictitious force". Namely, the measurement readout [a] is probable if the 
corresponding path [p, q] satisfies the modified Hamilton equations 

= (44 ) 
opt Opt 



4 It can be demonstrated that the proof does not depend on which path [p, q] reconciled 
with the measurement readout [a] is selected. 

5 The background of this criterion is obvious. If variation of the path within the corridor 
results in large variations of action, the imaginary exponential of action in the integral 
( |39| ) exhibits fast oscillations, and the integral is small. Since this integral defines the 
probability density for the measurement readout [a], the probability is also small. 
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Pi + 



dH 



SF(t) 



dA(p, g, t) 



(45) 



with the "fictitious force" SF(t) subject to the restriction 

[ T dt\5F(t)\Aa(t) < h. 
Jo 

Alternatively, the condition (031) can be written as the restriction on the 



(46) 



area in the phase space defined by the two paths [p, g] and [p + Ap, q + Ag] 
(see Fig. D: 

; JO 



max 

\AA(t)\<Aa(t) 



< h 



(47) 



where 



6<Ti(t) = A Pi (t) 6 qi (t) - A gi (t) 6pi(t) 



dqt Pidt, Spi = dpi — Fidt. 

m 



(48) 



Inequality (E7|) must hold for all paths that belong to this corridor. This 
implies that for some of the paths the equality (by order of magnitude) will 
be attained. For a one- dimensional system we then have 

| J (Ap 5q - Ag 5p) | ~ h. (49) 

If the measurement is very short, we may write 

\{Ap5q- Aq5p)\ ~h (50) 

Consider the measurement of momentum with the accuracy of Ap over 
the time interval At. If the coordinate is not measured, then Ag is very large, 
and at first sight it may seem that the second term in Eq. ( pU[ ) dominates. 
In this case, however, Sp must be exactly equal to zero, since otherwise the 
inequality ([IT]) would not be satisfied. Ergo, the second term vanishes, and 
we have 



Ap \5q\ = Ap 



(q" - gO - - At 

m 



(51) 



where q', q" are the coordinates before and after the measurement. We 
see that the effect of measurement may consist in that the velocity (q" — 
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Figure 2: (a) Area of parallelogram in phase space built on two vectors, (b) 
Area in phase space defined by two paths \p,q], \p + Ap, q + Aq] , lying within 
the corridor [a] . If this area is less than H for each such pair of paths, then [a] 
will occur as the measurement readout with a sufficiently high probability. 



q')/At differs from the classical expression p/m by the amount of the order 
of h/ApAt. This is an alternative formulation of the well-known uncertainty 
relation [p5|] 

Ap \v" - v'\ At ~ fi, (52) 

which is deduced from thought experiment. Relation ([17]), however, is much 
more general. 

3.2.4 Features of RPI-based approach 

Let us discuss some important features of the approach based on restricted 
path integral. We saw that this approach is deduced from first principles 
- namely, from quantum mechanics in Feynman's formulation. At the 
same time, it can be given an independent substantiation based on the con- 
crete models of measurement (see Section [4.3| below). Validation of this 
phenomenological approach with models makes it more reliable, while the 
derivability from first principles points to the fundamental character of the 
theory. 
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According to the RPI-based approach, the continuously measured system 
is described as an open system, but the description is selective. Evolution of 
the measured (open) system is described by a state vector rather than by a 
density matrix. Such description is applicable to an individual system, and 
not only to the statistical ensemble of systems corresponding to all possible 
states of the measuring medium. The RPI approach reveals a very important 
feature of the interaction between the measured system and the measuring 
system: the reciprocal effect of the measurement on the measured system de- 
pends only on the information obtained from the measurement (and recorded 
in the state of the environment). In this sense the RPI approach to continu- 
ous measurements may be called the information approach ||64|| . 

The dynamics of the measured system, described by the set of partial 
propagators ( |39|) or by the Schrodinger equation with the effective complex 
Hamiltonian ([H]), depends only on the information recorded by the mea- 
suring medium, but not on the particulars of the interaction of the system 
with the environment. This is a manifestation of the dynamic role of in- 
formation. The complete description of the open (measured) system does 
not require a complete model of the environment. The information model is 
quite sufficient. 

As a matter of fact, the dynamic role of information is already clear 
from von Neumann's reduction postulate, which holds that the final state 
of the measured system only depends on the outcome of the measurement. 
In the reduction postulate, however, the change of the system caused by 
the measurement and the evolution of the system owing to its own dynamic 
properties are time-separated (cf. Eq. (|15D ). 

By contrast, the two dynamic aspects are inseparable in the evolution of 
the continuously measured system. Such systems exhibit a new type of dy- 
namics which involves both classical and quantum features at the same time. 
The dynamics is completely determined by fixing (1) the Hamiltonian of the 
system, and (2) the information about the system that flows (dissipates) into 
the environment. 

The RPI approach proves that the theory of measurements can be in- 
corporated into quantum mechanics, contrary to the common opinion that 
it ought to be postulated independently of quantum mechanics. One only 
has to understand quantum mechanics the way it has been formulated by 
Feynman. This indicates that Feynman's formulation of quantum mechanics 
is essentially broader and deeper than its conventional operator form. The 
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added depth arises from the fact that physical interpretation is given not 
only to the full amplitude of propagation of the system, but also to the am- 
plitude of propagation along the given path. This formulation of quantum 
mechanics is closed because it naturally incorporates the quantum theory of 
measurements. 

In Section f| we shall discuss in detail an important application of the RPI 
method to the continuous measurement of the energy of a multilevel system. 
At this point we shall just mention some other applications of this method 
in nonrelativistic and relativistic quantum theories. 

In the nonrelativistic theory this method has been applied to the analysis 
of the measurement of the coordinates of oscillator and a system of oscillators 
[153, BR E3], and to quantum nondemolition measurements BH]. The 



relativistic applications include: 

• quantum restrictions on the measurability of electromagnetic field 

• quantum restrictions on the measurability of gravitational field |5S 

• appearance of classical geometry in quantum gravitation 

• measurement of the position of relativistic particle |7C 



analysis of Unruh and Hawking thermal effects ITT] . 



3.3 *Derivation of the stochastic equation 

The Schrodinger equation with complex Hamiltonian fl4"T| ) can be written as 
the stochastic Schrodinger equation [|47| . To do this, in place of the function 
a(t) and the state vector ip{t) we introduce new variables 



a = c + 



i A 



where c(t) will be defined later. Then Eq. ( f4"T|) can be rewritten as 



--H - k(A - cf + \/2k{A - c)£ 



|tt) 



(53) 



(54) 



or, if we define a new variable w as dw = £dt, 



4h-k(A-c) 2 
n 



\^)dt+V2K{A-c)\^)dw. 



(55) 
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In order to have the norm of vector conserved, 

+ + = (56) 

it is sufficient to require that 

dw 2 = dt, c=(V\A\V). (57) 



Equation (p5|) with the additional conditions (|57|) is known as the stochas- 
tic Schrodinger equation. The quantity w here is a random function (white 
noise), which describes the impact of the measuring medium on the mea- 
sured system. The statistics of this noise is determined by the probability 
distribution 

P[w] = (V#> = exp J* w 2 (t)d?j . (58) 

This is the so-called white noise or Brownian motion. In case of such motion, 
the change of w over a small time interval At is described by the distribution 



and, as a consequence, the mean square displacement is proportional to the 
time: 

A^ 1 = J P(Aw)Aw 2 dAw = At. (60) 

This last formula offers a physical interpretation of the unusual relation 
dw 2 = dt, which is adopted in the stochastic theory in the framework of 
the so-called Ito's formalism |72 |. 



In this way, the stochastic equation ( |5q ) is derived from the theory of 
continuous measurements based on the restricted path integral or on the 
Schrodinger equation with complex Hamiltonian. Other stochastic equations 
have also been proposed for describing continuous quantum measurements 
|73], £E| . The necessary condition is that the density matrix, which de- 



scribes the same system in the nonselective manner, satisfy the Lindblad 
equation (|l6l). This holds for Eqn (j55[) because the Lindblad equation is an 
implication of the RPI approach (see 
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3.4 *Consistent histories 

A new direction of research in quantum mechanics, started a few years ago, 



is based on the concept of consistent histories [|74[- H77|| . This research is 
concerned with the emergence of classical features in quantum systems - 
that is, the effect of decoherence. 

The approach based on consistent histories bears some technical sem- 
blance to the RPI method, although it is radically different. The difference 
is that consistent histories are used for describing a closed quantum system 
(with the purpose of detecting jjtheir^ classical features), whereas the RPI 
method deals from the start with an open system, while the effects of the en- 
vironment are taken into account implicitly. Let us briefly discuss the method 



of consistent histories, following the paper by Gell-Mann and Hartle [[76 



A history a = {ii, i 2 , ■ ■ ■ , In-i} is defined in Ref. JffJ] as a chain of projec- 
tors that specify the state of the system at successive times. These projectors 
define the evolution operator 

U a = U(t N , tN^Pi^Ufa-u t N - 2 ) . . .U(t 3 , h)P i2 U(t 2 , ti)P n f/(ti, t ) 

(61) 

which is similar to that used in Eq. fll5|) for describing a series of instan- 
taneous measurements. In the method of consistent histories, however, the 
projectors are used not for describing real measurements, but rather for an- 
alyzing the free evolution of the system without any external influence. The 
operator U a is just one quantum alternative out of many that contribute to 
the evolution of the quantum system. The total evolution operator is the 
sum 

U = Y,U a (62) 

a 

over all possible histories — that is, over all possible selections of projector 
for each moment of time! 

Histories in the sense of Gell-Mann and Hartle are straightforward analogs 
of Feynman's paths, which determine the evolution of a closed system only 
when taken together. By contrast to individual paths, histories are more 
coarse-grained alternatives, each of which includes many paths. 



6 By contrast, if operator ( |6l| ) describes a real measurement, as has been assumed in 
Eq. (|l5|), it corresponds to the classical alternative, and summation of such operators is 
meaningless. 



34 



According to Gell-Mann and Hartle, each history is associated with the 
"probability" 

P a = Tr(U a pW a ). (63) 

The interpretation of this quantity as a probability is far not necessarily 
correct, and further analysis is concerned with the question when exactly 
such interpretation is justified. 

Along with a certain selected set of histories {a}, the authors also consider 
sets of histories which follow from the selected set by applying the procedure 
of coarse-graining — when the projections are made onto more extensive 
subspaces, and/or are less frequent (not at every selected moment of time). 
Each history from the coarser set can be represented as a sum of histories 
from the finer set (a coarse history includes fine histories as its alternatives). 
The corresponding evolution operators are bound by the summation 

= U p =Y,U a . (64) 

a€/3 aG/3 

At the same time, the corresponding "probabilities" of the coarser histories 

Pp = Tr(UppUl) (65) 

are not necessarily representable as sums of "probabilities" of the finer his- 
tories. 

The key to the entire approach is found in the following argument which 
leads to the "consistency condition" as the necessary criterion that the de- 
scription of the system in terms of alternatives {a} is classical. A sufficiently 
coarse-grained description of quantum system loses its quantum features and 
becomes purely classical. The alternatives {a} give a coarse-grained descrip- 
tion of the system, and if the description is coarse enough, these alternatives 
may be regarded as classical. In this case, the quantities (|63D indeed ought 
to be considered as probabilities complying with the conventional rule of 
summation. 

Now if the alternatives from the set {a} can be regarded as classical 
alternatives, then any coarser set of alternatives {/?} is also classical, and 
therefore the rule of summation of probabilities holds: 

Pp = E Pa- (66) 

aG/3 
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Thus, if the alternatives {a} are classical, then the transition to the 
coarser alternatives {(3} complies not only with the rule of summation of 
amplitudes flBlp, but also with the rule of summation of probabilities flBB]). A 
straightforward mathematical analysis proves that condition (|66|) is satisfied 
if the functional of decoherence 

C aa , = Tr(U aP Ul) (67) 

satisfies the consistency condition 

C aa > + C* aa , = for a ^ a'. (68) 



We see that the consistency condition (|6q) is necessary for the set histories 
{a} to be interpreted as a set of classical alternatives. 

It was demonstrated that the condition of consistency holds approxi- 
mately for the "situation of measurement" — that is, when the system under 
consideration consists of two parts which interact like the measuring device 
and the measured subsystem (see Section [2.1| ). At the same time, the condi- 



tion of consistency of histories is not sufficient for ensuring the predictability 
of the quantum system — a criterion providing that the description is classi- 
cal indeed |78j . We see that the theory of consistent histories, certainly being 



a step forward in the study of decoherence, does not yet give a complete so- 
lution of the problem. 

Drawing comparison once again between the two approaches, the meth- 
ods of RPI and consistent histories, we duly note that the condition of con- 
sistency is not at all necessary in the RPI approach. This is because the 
RPI approach is concerned with an open system that interacts with its en- 
vironment (although there is no explicit model of this environment). The 
RPI-based analysis of the system involves only one family of histories {a} - 
the family that describes the effects of the environment. There is no need of 
using the coarser sets of histories, and of providing consistency of descriptions 
at different levels of coarse-graining. 



4 Continuous measurement of discrete en- 
ergy 

An important achievement of recent years is the analysis of continuous energy 
measurement in a system with discrete energy levels. Firstly, the measure- 
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ment of the energy of atom is of much practical importance. Secondly, all 
important features of the continuous quantum measurement in this case can 
be transferred to continuous measurement of any discrete observable. We 
are going to consider the continuous energy measurement in a multilevel 
(especially a two-level) system, and prove that this process allows monitor- 
ing a quantum transition from one level to another. First we shall analyze 
the measurement using the Schrodinger equation with complex Hamiltonian, 
and then consider a concrete scheme of such measurement using conventional 
quantum mechanical methods. We shall also show the way of implementing 
this measurement. 

The approach based on RPI and complex Hamiltonians was first applied 
to the measurement of energy in a two- level system in Refs J79], ^U[. It was 
demonstrated that if the energy is measured with a high enough accuracy, 
then the system becomes frozen, and the transitions between the levels are 
no longer possible (the Zeno effect). The alternative regimes of measurement 
have not been (and could not have been) studied in these works because of 
a serious methodological error. The authors assumed that the result of a 
continuous measurement is expressed by the function E(t), which does not 
change and coincides with one of the energy levels of the system. 

At first sight, such assumption seems natural for a system with discrete 
spectrum. However, it is not correct, since the accuracy of the measure- 
ment is finite. Function [E] which represents the measurement readout can 
be arbitrary in the approach based on RPI or on the Schrodinger equation 
with complex Hamiltonian. By solving the Schrodinger equation (similar to 
Eq. (|4lD ) with the [.Ej-dependent Hamiltonian, one can find the probability 
density P[E] of the given result of measurement. It is only then (and by 
no means a priori) that one can decide which functions [E] may arise as the 
measurement readout. It turns out that in the regime of a very accurate 
measurement, probable are only those results that correspond to functions 
[E] which are constant and coincide with the energy levels. This is not true, 
however, when the accuracy of the measurement is relatively poor. But it 
is exactly those imprecise or soft measurements that are of special interest, 
since they do not modify the measured system too much. 

This error was corrected in Ref . ||2(J , which has made it possible to carry 



out a detailed analysis of a moderately accurate continuous quantum mea- 
surement of the energy, and propose an entirely new type of measurement - 
monitoring of a quantum transition. The results that could be anticipated 
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from such measurement were thoroughly analyzed in Ref . [JH ] , and a concrete 
scheme of continuous quantum measurement of the energy of the atom was 
proposed. 



4.1 Energy measurement in a multilevel system 

Consider a system with the Hamiltonian H = H + V, where H is the 
"free" Hamiltonian of the multilevel system, and V is the perturbation that 
may induce a transition between the levels. Assume that the observable 
Hq is being continuously measured in this system. In accordance with the 
scheme outlined in Section |3.2| , we shall describe such measurement with the 
functional 

w [E] \p,q] = exp (-k J*[H (p(t),q(t),t) - E(t)} 2 dtj , (69) 

that is, with the Gaussian corridor centered around curve [E\. Then the 
effective Hamiltonian is 

H [E] = H + V-iKh{H -E(t)) 2 (70) 

and the effective Schrodinger equation with the complex Hamiltonian is 

= (~H -k(h - E(t)) 2 ) (71) 

Solving this equation, we can find vector \ip t ) at any time. In accordance 
with the general formula (29), the norm of this vector at the end time of 
the continuous measurement gives the density of the probability that the 
measurement readout [E] will be realized: 

P[E] = \\^ T \\ 2 . (72) 

Using the expansion of the state vector with respect to the basis 

\Mt)) = e- tE - t/h \n), (73) 

we get the following set of equations for the expansion coefficients: 

C n = -K(E n - E{t)) 2 C n - Z -J2(fn\V\^ n r)C nl (74) 

n' 
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and the formula for the probability distribution of the measurement readouts 



P[E]=Y,\Cn{T)\ 2 . (75) 

n 

For a free multilevel system, V = 0, the solution has a simple form: 



C n (T) = C„(0)exp 
where 



k [ T dt{E n - E(t)f 
Jo 



C n (0) exp 



T_((E n -E) 2 ) T 

lr 



Tw AE 2 



(76) 



is the timelike parameter which characterizes the accuracy of measurement. 
It is expressed in terms of the "typical energy difference" AE in the part of 
spectrum we are concerned with. 

From Eq. flTB| ) we see that if T ^> T\ r (that is, the duration of measurement 
is large enough compared to the characteristic parameter T\ r ), then the regime 
of measurement is realized that resolves (separates) the energy levels. Its 
characteristic features are: 

• [E] is a function which is close to one of the energy levels, E(t) ~ E n ; 

• the system after the measurement occurs at level n; 

• the probability of [E] being close to E n is \C n 



Indeed, if function [E] is close (in the mean square sense, cf. Eq. (|35|)) to one 
of the levels E n , then the coefficient C n with the relevant number remains 
after the measurement (at t = T) the same as it was before the measurement, 
while all the other coefficients are exponentially small. According to Eq. (|75|), 
the probability density of each such function is |C n (0)| 2 . 

If function [E] , however, does not satisfy this condition (does not remain 
close to one and the same level in the course of the entire measurement), then 
all coefficients C n at the time T are exponentially small. The probability 
density of each of these functions is negligibly small. 

So we have to conclude that only those results of measurement are real- 
ized with a reasonable probability which are represented by functions close 
to one of the levels. The probability that the readout is close to E n is pro- 
portional to |C n (0)| 2 . From considerations of normalization we deduce that 



39 



this probability is equal to |C n (0)| 2 (which can be proved more rigorously). 
It is easy to see that these results are in perfect agreement with the way the 
von Neumann energy measurement is described. 

If the measurement is not long enough, T <C T\ T , then the regime of 
measurement is not capable of resolving the energy levels: 

• Variation E mSuX — E m[n of curve [E] is less than AE^T^/T and can be 
much greater than AE; 

• C n {T) ~ C n (0) for levels between E min and E max ; 

• C n (T) are exponentially small outside of [E min , E max \. 

Thus, by the time T all energy levels vanish outside of the interval of the 
width AE\jT\ r /T. As T increases, this interval narrows down, and by the 
time T = 7] r there is only one energy level — that is, the system occurs in 
the state with the definite energy E n . Curve [E] by this time is very close to 
the level E n B The probability that level number n will survive is |C n (0)| 2 . 

We see that when the time of measurement is not yet long enough, T <C 
Ti r , the energy cannot be measured with sufficient precision, and the system 
still occurs in the state that is a superposition of a number of levels. When 
the duration of continuous measurement becomes greater than T\ T , the result 
of the continuous measurement fixes on one of the levels, and the system goes 
to this level. Accordingly, the time parameter T\ x may be interpreted as the 
level resolution time. 

From arguments developed above it is clear that the continuous measure- 
ment of energy as realized in the method of quantum corridors is a model 
of the process of decoherence for the von Neumann "instantaneous" mea- 
surement |[2U|| . By this we mean the following. The von Neumann scheme 
assumes that the measurement of energy in a multilevel system occurs instan- 
taneously, yields (with the relevant probability |C n (0)| 2 ) one of the values of 
E n , and the system after the measurement occurs at the nth level. In real- 
ity, all this takes some finite time which is neglected when the measurement 
is described in accordance with the von Neumann scheme. The continuous 
measurement reveals the time structure of this transition — that is, describes 
what we call the process of decoherence. 

7 Closeness is understood in the sense of mean square deviation, so the deviation can 
actually be very large for a very short time. 
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Let us now consider a two-level system under a resonant force. Let Hq 
be a Hamiltonian of the two-level system, and the potential V defined by its 
matrix elements 

(tPx\Vip 2 ) = dp 2 \Vip 1 y = V Q . (78) 

If we go over from basis (|73| ) to basis \n), then the matrix elements of operator 

V will be harmonic functions of frequency uo = AE/h — that is, the potential 

V will describe the resonant action. The set of equations ([T4|) becomes 

C x = -ivC 2 - k(E x - E{t)f d, 

C 2 = -wC x - k(E 2 - E{t)f C 2 . (79) 

where v = Vq/%. 

If the measurement does not take place (k — 0), the equations describe 
Rabi oscillations, C\{t) = Ri(t), C 2 {t) = R 2 (t), where 

R^t) = d(0) cosvt - iC 2 (0) sinvt, (80) 
R 2 {t) = C 2 (0) cosvt -iCi(O) sinvt. (81) 

When the measurement does take place, the nature of the process will de- 
pend on the relative values of three parameters of the dimension of time: 
the duration of measurement T, the level resolution time T\ r , and the Rabi 
period Tr = n/v. One can distinguish three characteristic regimes of mea- 



surement p0| : 



Zeno regime (T h < T R < T) 

• The measurement readout is E(t) ~ E\ or E(t) ~ E 2 . 

• The probability that E(t) is close to E n is |C„(0)| 2 . 

• If [E] is close to E n , the system after the measurement is at level n. 

• Rabi oscillations are completely suppressed. 

Rabi regime (T R <T<C T lr ) 

• Rabi oscillations remain unchanged. 
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• [E] is arbitrary in the band of the width AEt = AEyT\ v /T. 

Intermediate regime (Tr ~ T\ v ~ T) 

• The period of oscillations is slightly increased. 

• [E] occurs in the band oscillating between the levels. 

• Oscillations of [E] correspond to Rabi oscillations. 

The last regime is the most interesting, since it offers the possibility (with 
a certain degree of accuracy) of monitoring the quantum transition. We shall 
consider this regime in greater detail in Section [O. 



4.2 Monitoring of quantum transition 



The set of equations (|79|) was used in Ref. [^T|] for analyzing the continuous 
energy measurement in a two-level system occurring under the resonant force 
during the time interval Tr/2 = tt/2v (7r-pulse). Outside of this interval the 
potential (|78|) , as well as the coefficient v in Eq. (|79|) , were assumed to be 
zero. In the absence of measurement, the resonant action would have led 
to the transition of the system from level 1 to level 2 with probability 1. 
One could expect that the measurement somewhat reduces the probability 
of transition, but allows monitoring continuously the state of the system in 
the course of transition. 

The set of equations ([79]) has been solved numerically for many functions 
E(t) selected at random. For each function E(t), calculated were the relevant 
functions Ci(t) and C^t), and the probability density P[E] = \Ci(T)\ 2 + 
\C2{T)\ 2 of the measurement readout [E]. The probability distribution of 
different measurement readouts was obtained, and the behavior of the system 
depending on the measurement readout analyzed. The behavior of the system 
is graphically represented by the function Vzit) = \c2(t)\ 2 . In the absence 
of measurement this curve would go from zero to one over the duration of 
7r-pulse. In the presence of measurement the curve may behave differently 
depending on the measurement readout [E\. 

Figure |] shows the results of numerical calculation based on the set of 
equations ([79] ) for a moderately hard measurement. The density diagrams for 
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T-| T 2 T T 1 T 2 T T-, T 2 T 

Time Time Time 



Figure 3: Monitoring of quantum transition with a moderately hard contin- 
uous measurement. 

curves [E] (upper row) and \Pq\ (lower row) indicate clearly which of these 
curves are more probable. It is very important to remember that curves [E] 
have been smoothed before putting them on the diagram. Smoothing was 
performed in the time scale slightly smaller than the transition time Tr/2. It 
is because of such smoothing that the curves correctly represent the process 
of transition: curves [E] without smoothing exhibit fast oscillations, and the 
information they carry is concealed. 

The left-hand pair of diagrams in Fig. |] represents all possible measure- 
ment readouts. We see that they clearly split into two classes, in one of 
which the measurement readouts point to the presence of transition, while 
in the other the results indicate that the transition does not take place. The 
middle and right-hand pairs of diagrams represent these two classes of results 
separately. From these diagrams we see that there is correlation between the 
curves [E] and [P2] - that is, the behavior of the system with a reason- 
able probability corresponds to the result obtained, although there is some 
probability of error (the measurement noise). 

The general conclusions can be formulated as follows: 

• The smoothed measurement readout [E] with the probability of 80% 
gives a correct description of the evolution of the system. 
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• In the presence of measurement, the probability of transition decreases, 
and is close to 1/2 in the intermediate regime of measurement. 

4.3 Realization of continuous measurement of energy 

Practical implementation of continuous energy measurement in a two-level 
system was proposed in Ref. fl21| . We take an isolated polarized atom, apply 



a 7r-pulse of resonant radiation to induce a transition between the levels, and 
measure the energy by shooting electrons one by one and looking whether the 
electron is deflected or continues in the initial direction. Scattering is caused 
by the dipole moment of the atom, which in turn depends on which level 
the atom occupies at the time. If the state of the atom is a superposition 
of states with a definite energy, the probability of scattering depends on the 
coefficients in the superposition, and thus on the mean energy of the atom in 
the given state. This in principle allows estimating the energy of the atom, 
whereas the back effect of the electrons on the atom results in the evolution 
of the atom described by the complex Hamiltonian (see Section |4.2|) . 

This scheme of continuous measurement can be considerably generalized 
(this will be done in our subsequent paper f5l"fl). In place of scattering of 
electrons by the atom, it is sufficient to arrange a long series of observations 
of a two- level system with an auxiliary measuring system (see Fig. [|). The 
interaction involved in the observation must be weak, so as not to modify 
the state of the system to any considerable extent. Then the information 
gained through each observation in the series is also small, but a long series 
of observations will give information which is adequately represented with 
the aid of RPI or Schrodinger equation with complex Hamiltonian (|79|). The 
function E(t), which represents the measurement readout in this equation, 
is constructed from experimental data in the following fashion. 

Each observation may give either of the two possible results: positive, if 
the state of the measuring device after the interaction differs considerably 
from its initial state, or negative, if the end state of the measuring device 
is close to the initial state. A long series of observations is split into the 
shorter (but still long enough) chains of N observations each. For each of 
these iV-series we find the ratio n = N + /N of positive outcomes of scattering 
(number of deflected electrons) to the total number of electrons directed at 
the atom. This ratio is the experimental evaluation of the probability of 
scattering for the iV-series in question. Since the probability depends on the 
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lfo> 



Figure 4: Short soft observation, repeated to implement the continuous en- 
ergy measurement in a two-level system. $ is the state of device before 
measurement, $ + ($_) is the state of device after positive (negative) result 
of observation. D + and D_ are detectors. 
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mean energy, a simple calculation will also give an estimate for the mean 
energy E. As a result, we get one point on curve [E]. Performing the same 
procedure for each of the iV-series, we obtain curve E(t) which represents the 
result of continuous measurement and enters the equation with the complex 
Hamiltonian (|79|) . 

This train of arguments more or less supports the conclusion that a se- 
ries of electron scatterings by the atom leads to a pattern predicted by the 
theory of continuous measurements — that is, to the behavior represented 
by the solution of Eq. (^). As a matter of fact, however, one can give 
a complete quantum mechanical treatment of this measuring configuration, 
and prove that there is full agreement between the predictions of the conven- 
tional quantum mechanical analysis and the results of the phenomenological 
RPI approach. This will be done in the forthcoming publication |81| . 

It is very interesting that a broad class of realizations results in the be- 
havior of the system described by the same effective Hamiltonian with the 
additional quadratic imaginary term. The behavior of the measured system 
does not depend on the particulars of the measuring procedure — it only 
depends on the single constant k (or T\ T , which is equivalent) that appears 
as a certain combination of the parameters of the measuring system. This 
proves that the simple equation with the effective complex Hamiltonian, ob- 
tained through the RPI approach, is not a bad approximation. The behavior 
described by this equation is indeed characteristic of the real measuring sys- 
tems. 



5 Conclusion 

In this paper we have considered the continuous measurement of a quantum 
system, which is a special dissipative process. The continuous measurement 
can be intended (as in case of repeated soft observations, Section POI), or 



spontaneous (as in case of diffusion of particle, Section |2.2|) . In any case, 
the continuous measurement is accompanied by gradual decoherence — de- 
struction of quantum superpositions of those states that are distinguished 
(resolved) by the measuring environment. 

In addition, the continuous measurement may serve as a model of the 
process of decoherence associated with the measurement of a discrete variable 
(Section p~T| ). If the description of such measurement disregards its finite 
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duration, the process is adequately described by the von Neumann reduction 
postulate: instantaneous decoherence. When it is desirable to monitor the 
time evolution of decoherence, however, we come to deal with continuous 
measurement and gradual decoherence. 

The continuous measurement of a quantum system gives specific features 
to its evolution, primarily the appearance of classical elements in addition to 
the quantum ones. Mathematically, such evolution can be described in dif- 
ferent ways: using the Lindblad master equation, the stochastic Schrodinger 
equation, or the equation with the complex Hamiltonian for the state vector 
(Section |3]). In the last case, the imaginary term of the Hamiltonian, which 
accounts for the effects of the measuring medium, depends on the informa- 
tion obtained in the course of continuous measurement. This is of utmost 



importance, being a demonstration of the dynamic role of information [64 



The continuous measurement can be softer or harder, depending on the 
strength of interaction with the measuring medium (mathematically, this is 
determined by the magnitude of the imaginary term in the Hamiltonian). 
Soft measurement has little effect on the dynamics of the measuring system, 
but the information about the system is small. Hard measurement gives 
more information but considerably modifies the dynamics. In the limit of 
very hard measurement of the discrete observable we deal with Zeno effect: 
the system is frozen, the transitions between the states with different values 
of the observable become unlikely (Section |Q| ). 

The most interesting is the intermediate regime of measurement, when 
the measurement is not hard enough for freezing the dynamics of the sys- 
tem completely, but is sufficiently hard for gaining a reasonable amount of 
information. In this regime it becomes possible to monitor the quantum 
transition, although such information is gained at the expense of reducing 
the probability of transition (Section |4.2| ). The continuous measurement per- 
mitting the monitoring of a quantum transition can be realized as a series 
of soft short interactions of the two-level system with some auxiliary system 
(Section f4.3| ). One possible realization employs a series of electron scatterings 
by the atom. 

Disputes on conceptual matters have never ceased since the early days of 
quantum mechanics. The root of these problems is the incompatibility of the 
classical and quantum descriptions of physical systems and processes. This 
incompatibility is most dramatically manifested in the measurements aimed 
at obtaining classical information about a quantum system. Today we are 
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able to study in detail the behavior of the measured system (and the measur- 
ing system if necessary) in the course of measurement, and this is the subject 
of this paper (see also the excellent review JTJj). The conceptual problems 
of the theory of measurement, however, remain essentially unresolved. 

Simplifying the situation to the utmost, we may say the following. The 
measurement is associated with the selection of one out of many alternatives. 
We know well what happens when a particular alternative is selected, and 
can calculate the probability of each alternative. This gives answers to all 
questions that may arise in practice. How and why the selection is made, 
however, remains obscure. This question is hard to answer because this 
requires reconciling the quantum and the classical visions of the world. The 
attempts at solving this problem lead to very unusual constructions, the 
many-worlds interpretation of quantum mechanics being one example J8^ 



This scope of problems that may be regarded as the conceptual aspect of 
decoherence has been left out completely in the present paper. 
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